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SUMMARY 
A yield locus obtained with the Jenike flow 
factor tester can be represented by the Warren 
Spring equation. 
T ( ) 
N 
c 
_o+T 
T 
In this equation (T and 7 are the normal and 
shear stresses respectively, C and T the cohesion 
and tension, and N a curvature parameter con- 
stant for one material. 
Based on this equation and assuming a con- 
stant ratio K = C/T, several partly graphical, 
partly numerical solution methods are known. 
The pure numerical method described in 
this article has several advantages over the 
graphical methods used so far. The method 
presents precise objective results, acquired di- 
rectly from the measured data. No more or 
less subjective manipulations are required. 
Although the method seems rather compli- 
cated, the required number of iterations is 
relatively low because of the rapid convergence 
of the iteration process. This leads, together 
with the simplicity of the formulas used, to a 
relatively small computing time. 
It appem that with the assumption of a 
constant ratio K = C/T for one material, all 
data required for the Jenike hopper design 
method can also be computed purely numerical- 
ly by means of a least-squares method using 
Newton’s zero finding technique. It ensued 
that the solutions thus required are not in- 
fluenced by the initial estimations. The results 
obtained are only a function of the measured 
points and interpretative errors are eliminated. 
INTRODUCTION 
Until 1961, handling material in bins was a 
mainly empirical matter. In that year Jenike 
published his theory [l] for designing bins: 
7-0 values of a powder were obtained by 
measurements with a Cow factor tester. In a 
r-0 diagram the points representing the mea- 
sured values are smoothed to the so-called 
yield loci. From the diagram obtained in this 
way the necessary data can be found for the 
calculation of the bin, based on the theory of 
Jenike. 
The disadvantage of this method is the in- 
accuracy caused by the graphical interpretation 
of the measurements, which give a number of 
scattered points in the T-G diagram. The 
smoothing of these points to curves is generally 
rather subjective and for this reason not very 
accurate. 
In 1965 Ashton et al. 123 showed experi- 
mentally that the behaviour of a powder in 
the shear and normal stress plane, represented 
by a yield locus, can be described by the so- 
called Warren Spring equation: 
rN ( ) c _a+T T 
in which T and (T are the known shear and 
normal stress points respectively, C and .T the 
cohesion and tension of the material and rV a 
curvature exponent, which is constant for one 
material. 
Farley and Valentin suggested in 1967 a 
constant ratio between the cohesion and the 
tension of a material [3]. This assumption was, 
between (certain) limits, experime-.tally verified 
9s 
by Stainforth et al. With this assumption and 
by using the W’arren Spring equation, the latter 
authors published a partly graphical, partly 
numerical method to solve the unknown param- 
eters C, K and N [43. 
In this article a method is proposed for a 
pure numerical solution. 
THEORY 
The calculation of the Warren Spring param- 
eters Ci, K and N 
In the ur plane points of the yield loci 
can be represented by using the Warren Spring 
equation (Fig. 1): 
Tij N 
( ) c _ uij + Ti Ti 
(i = 1, 2, . . . . TZ;_j = 1, 2, . . . . mi) 
With the relation 
ci 
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the unknown values of Ci, K and N can be 
computed if 
R 
C mi>n+2. 
i= 1 
With the following substitutions: 
In Ci =pi (3) 
(i = 1, 2, .._, n) 
K-l =Pllil (4) 
N=P,+2 (5) 
In 7ij = Yij (6) 
eqns. (1) and (2) can be transformed into 
! 
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Pig. 1. Yield locus in the u? plane. 
fij = uij + Pn + 1 [exP Ipi 
-eXPEPn+2Yij_03n+2_11Pi)3 =O (7) 
The measurements give oij and yij not 
exactly but with a certain scatter. From this, 
the best estimations of the values of Ci, K and 
N can be computed by using the method of 
least squares. 
To increase the flexibility of the method, 
a weight factor Wij may be introduced. Thus: 
minimize2 5 Wijfz 
<cl j=l 
or 5 g wijfij 2 = gk = 0 
.?=I j=1 
(8) 
(9) 
(i=1,2 - , ---, n, 
j = 1, 2, . . . . ??2i; 
12 = 1, 2, ___, n, n + 1, n + 2). 
If p. is an estimation of the parameter p, 
then it holds in the environment of po: 
g(po + dp) = g(po) + A dp = 0 (10) 
in which the elements of the matrix A are: 
+ afij afij 
apk LPI 
(11) 
(h, I = 1,2, . . . . 72, n + 1, n + 2). 
As the derivatives in (11) can be computed 
from eqn. (7), g(p,) and A are thus known, 
and now from eqn. (10) dp can be solved. 
Let now p 1 = p. + a dp be a better estimation 
of po, with a = 2-h, then h is the smallest non- 
negative integer value for which holds: 
Ilg(po + Q dp)ll < IMpo)ll 
To solve eqn. (lo), a special method is used 
to take advantage of the particular properties 
of matrix A, for which ck ,I = (Ir,k (k, l= 1,2, . . . . 
n + 2) and ek,r = 0 (k, I = 1,2, . . . . n and k f I). 
This process is repeated until II&&)ll < E, 
in which E is a small number, e.g. lo+. 
The unknown parameters Ci, K, N of the 
Warren Spring equation can now be found by 
substituting p1 in eqns. (3), (4) and (5). 
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Fig. 2. Relevant quantities. 
The calculation of the relevant quantities in 
the D-T diagram 
With the aid of the parameters Ci, K and iV, 
the values of the quantities indicated in Fig. 
2 can be computed. 
The computation mainly consists in finding 
the coordinates in the (T-T plane of the points 
A and B. From here the other required quanti- 
ties can easily be obtained. 
Let (oe, re) be an estimation of point A, 
then the direction coefficient of the yield locus 
in (c7e, To) is: 
The line through Mp (ol, 0) perpendicular 
to the yield locus will intersect the o-axis in 
ikZP, for which holds: 
01 = cia + r70 (13) 
The estimation of A is correct if it fulfils 
the equation 
(01 -uo)"-+-T$= 0; (14) 
from which the coordinates of A can be found. 
Analogously to this, the coordinates of B 
are found from (13) and 
((31 -oo)2+T~=(cJL-(Tl)2+T~ (15) 
in which r_rL and 7L are the mearured steady- 
state normal stress and the steady-state shear 
stress respectively. 
If L lies above the calculated yield locus 
then eqn. (15) cannot be fulfilled and for B 
the point on the yield lccus with the abcissa 
uL is taken. 
THE COMPUTING PROGRAMME 
The procedure outlined above has been cle- 
scribed by the author in Algol60 [ 51. The 
programme runs on an IBM 360/50 computer 
and calculates the parameters in the Warren 
Spring equations. The variables shown in 
Fig. 2 are computed with the aid of a zero- 
finding algorithm developed by Dekker and 
Hoffman [6]. It also calculates the relative 
and absolute errors of the measured r-values. 
Furthermore, the programme contains a 
plotting procedure for the plotting of the 
measured values, the calculated yield loci and 
lines indicating up, 4s and up/u,- 
RESULTS 
The Warren Spring equation can be applied 
with regular powders (parameters AT and R 
constant), particularly with measurements 
taken on Jenike flow factor testers at higher 
consolidating stresses where changes in N and 
K are generally small and not easily detectable. 
So this numerical method only holds well in 
this case. The method has been used for various 
regular materials and gives satisfactory results. 
As an example, the results obtained with a 
milk powder are displayed in Fig. 3. The mea- 
sured points are plotted with the yield loci in 
the left part of the figure. The right part of 
the figure shows the points belonging to the 
effective angle of friction @s, the minor con- 
solidating force o, and the flow factor eP/ec, 
as a function of the major consolidating force 
crc. The points have been connected by means 
Fig. 3. Results for a milk powder. 
TABLE 1 
Comparison of the parameters according to Stainforth 
and this model 
1 33.293 
2 42.812 
j: 51.592 
4 61.780 
5 72.709 
KS 
2.1605 
c” TM 
35.093 15.410 23.023 
44.140 19.816 28.959 
51.746 23.880 33.949 
62.925 28.595 41.283 
75.202 33.654 49.337 
K" 
1.5243 
NS 
1.6734 
NM 
1.4394 
of a spline interpolation method [ 7 J _ The 
computing time of the numerical results was 
about 2 minutes. 
COMPARISON OF THE NUMERICAL METHOD 
WITH THE METHOD OF STAINFORTH ET AL. 
In order to demonstrate the accuracy of the 
numerical method described above, it will be 
compared with the partly numerical, partly 
graphical method published by Stainforth et al. 
[4]. For the comparison, the data published 
Fig. 4. Data of Stainforth and this solution method. 
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TABLE 2 
Computedabsoluteand relative errors 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
1 3.85 40.42 38.0395 39.0726 -2.3805 -1.3474 -0.0626 4.0345 
2 27.00 59.94 60.9670 60.1663 1.0270 0.2263 0.0168 3.0033 
3 57.86 86.18 84.5272 84.0114 -1.6528 -2.1686 -0_0196 -0.0258 
4 73.29 96.54 94.7533 94.8461 -1.7867 -1.6939 -0.0189 -0.0179 
5 104.15 115.08 113.2606 115.0490 -1.8194 -0.0310 --0.0161 -0.0003 
6 135.01 131.28 129.9181 133.7933 -1.3619 2.5133 -0.0105 0.0188 
1 11.57 55.79 56.3534 55.7516 0.5634 -0.0384 0.0103 -O.o007 
2 27.00 70.32 71.5642 69.7582 1.2442 -0.5618 0.0174 -0.0081 
3 42.43 83.51 84.8452 82.6177 1.3352 -0.8923 0.0157 -0.019s 
4 57.86 95.54 96.8502 94.6489 1.3102 -0.8911 0.0135 -0.0094 
5 104.15 128.94 128.0619 127.3667 -0.6781 -1.5733 -0.0069 -0.012-t 
6 196.74 182.05 178.7292 18-.X35 -3.3208 1.7635 -0.0186 0.009c 
1 11.57 66.14 65.3316 63.4404 -0.8084 -2.6996 -0.0121 -4J.0426 
2 42.43 93.53 94.9827 90.8936 1.4527 -2.6364 0.0153 -0.0290 
3 73.23 116.24 219.3482 115.0602 '3.1082 -1.1798 0.0260 -0.0103 
4 135.01 157.67 160.1175 157.7934 2.4475 0.1234 0.0153 0.0003 
5 196.74 193.74 194.8156 195.9073 1.0756 2.1673 0.0055 0.0111 
6 258.46 231.00 225.7572 230.9855 -5.2428 -0.0145 -0.0232 -0.0001 
1 11.57 71.65 75.6873 74.7082 4.0373 3.0582 0.0533 0.0409 
2 73.29 125.77 132.0092 127.8834 6.2392 2.1134 0.047; 0.5165 
3 104.15 147.14 154.6221 150.9304 7.4821 3.7904 0.0484 0.0251 
4 165.87 198.41 194.2519 192.9790 -4.1581 -5.4310 -0.0214 -0.0261 
5 258.46 249.53 245.1495 249.4527 -4.3805 -0.0773 -0.0179 -0.0003 
6 320.22 283.60 275.4259 284.1286 -8.1741 0.5286 -0.0297 0.0019 
1 11.57 84.67 86.7522 87.0549 
2 42.43 115.36 118.3831 115.7373 
3 104.15 167.78 168.8294 165.4308 
4 227.60 254.59 247.4332 249.3099 
5 285.46 273.34 278.8547 284.4377 
6 385.94 345.51 328.4135 341.3324 
2.0822 2.3849 0.0240 0.0274 
3.0231 0.3770 0.0255 0.0033 
1.0494 -2.3292 0.0062 -0.0141 
-7.1568 -5.2801 -Q.O289 -0.0212 
5.5147 11.0977 0.0198 0.0390 
-17.0965 -4.1776 -0.0521 -0.0122 
4.8 3.1 0.028 0.020 Standard deviation: 
by Stainforth will be used. The results are 
shown in Tables 1 and 2 and Fig. 4. 
Table 1 gives the values of Stainforth of 
C, K, N and T (indicated with superscript S) 
and the values calculated by-the numerical 
method from the normal and shear stresses 
given by Stainforth et al. (superscript M). 
In Table 2, the first four columns contain 
the measured values of cr and I- according to 
Stainforth. The next two columns give the 
shear stress rij calculated with the Stainforth 
values (superscript S) and the “numerical” 
values (superscript M) from Table 1. The next 
coh.mms give the respective absolute and re- 
lative errors AT = 7comPuted-~expetienti, and 
P7 = 1 - ~c!,p/~,,*p- 
Below the table are given the calculated 
standard deviatioris of AT and pr. 
In this sample the numerical ntethod gives 
a better approximation th.an the nlethod used 
by Stainforth. 
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LIST OF SYMBOLS 
A 
G 
dp 
Fi j 
gk 
K 
mi 
equation 
(10) matrix with elements ak, I (-) 
( 1) cohesion of the ith yield locus 
(N/m’) 
(10) 
- 
( 7) 
( 9) 
( 2) 
( 1) 
parameter difference vector (-) 
small number (-) 
function (-) 
function (-) 
constant (-) 
number of experiments of the 
ith yield locus (-_! 
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( 1) 
: (1) 
P (3,495) 
Ti (1) 
wij ( 8, 
Yij ( 61 
@ 
Oij ( I) 
- 
:; (1) 
number of yield loci (-) 
curvature parameter (-) 
parameter vector (-) 
te;lsion of the ith yield locus 
W/m2) 
weight factor (-) 
In Tij (-) 
angles (see Fig. 2) (-) 
normal stress value of the jth 
point of the ith yield locus 
(K/m2) 
estimated normal stress (N/m2) 
shear stress value of the ,ith 
point of the ith yield locus 
W/m2) 
estimated shear stress (N/m2) 
norm of the vector 
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